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Abstract. While small deformations of Kahler manifolds are Kahler too, we 
prove that the cohomological property to be C°°-pure-and-full is not a stable 
condition under small deformations. This property, that has been recently 
introduced and studied by T.-J. Li and W. Zhang in 1201 and T. Draghici, T.-J. 
Li and W. Zhang in 11, 12], is weaker than the Kahler one and characterizes 
the almost-complex structures that induce a decomposition in cohomology. 
We also study the stability of this property along curves of almost-complex 
structures constructed starting from the harmonic representatives in special 
cohomology classes. 



1. Introduction 

Let (M, J) be a compact almost-complex 2n-dimensional manifold and let lo be 
a symplectic form on M. Then J is said to be co-tamed if u) (•, J-) > and to- 
compatible (or to -calibrated) if <?(•,•) : — <*> (•,./•) is a J-Hermitian metric. Define 
the tamed cone K}j as the open convex cone given by the projection in cohomology 
of the space of the symplectic forms taming J, namely 

K}j A = {[lo] G Hj R (M;R) \ J is w-tamed} , 

and the compatible cone K,j as its subcone given by the projection of the space of 
the symplectic forms compatible with J, namely 

JC c j d = {[w] g H% R (M;R) | J is w-compatible} . 

T.-J. Li and W. Zhang proved in [2"0I Theorem 1.2] that if J is integrable and 
IC c j is non-empty then the following relation between the two cones holds: 

(1) K*j = JC c j + ((4'°(M) © H°' 2 (M)) n H 2 dR (M;R)) ; 

they also proved that if J is integrable and 2n — 4 then ICj is empty if and only if 
IC c j is empty: this gives a partial answer to a question of Donaldson's, [1Q[ Question 

2]- ' [ 

In order to generalize {T]) for an arbitrary almost-complex structure, T.-J. Li 
and W. Zhang introduced in [5D] the concept of C°°-pure-and-full almost-complex 
structure. More precisely, an almost-complex structure J is said to be C°°-pure- 
and-full if it induces the decomposition 

H 2 dR (M;R) = 4 X,1) (M) R © Hf 0) ' (0 < 2) (M) R , 
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where the group 7?j 2 '°' ) ^ 0:2 ' ) (M)r (respectively, Hj 1 ' 1 \m)th) is given by the projec- 
tion in cohomology of the space (A 2,0 M © A°' 2 M) n A 2 M (respectively, A M M n 
A 2 M); more in general, J is said to be C°°-full if the equality 

H 2 dR (M;R) = (M) R + fff 0) < (0 < 2) (M) R 

holds, namely if each cohomology class in H^ R (M; R) has at least one type of pure 
degree representatives. 

In [2CJ Theorem 1.3], T.-J. Li and W. Zhang proved that if J is C°°-full and if K c j 
is non-empty, then 

where H j 2 * 0) ' (0,2) (M) R generalizes the group (h^'°(M) © ij£' 2 (M)) n Hj R (M;R) 
in ©. 

In [20] dual notions starting from the space of currents are also defined: we 
will recall in Section [2] what a pure-and-full almost-complex structure is. Further 
studies about C°°-pure-and-full almost-complex structures have been carried out in 
[TT] and [H>]. 

In particular, T. Draghici, T.-J. Li and W. Zhang proved in [TTJ Theorem 2.3] that 
every almost-complex structure on a compact 4-dimensional manifold is C°°-pure- 
and-full. 

As a consequence of the last two quoted results, (see [20l Corollary 1.4]), if (M, J) 
is a compact almost complex 4-manifold such that ICy is non-empty, then 

K*j = ICj + Ff 0) ' (0 ' 2) (M) R . 

In particular, if b+(M) = dim R H ( j ,1} (M) K = 1, then K}j = K c j. 

In real dimension greater than 4, things are different. Indeed, for example, there 
are almost-complex structures on compact 6-dimensional solvmanifolds which are 
not C°°-pure (see [TBI Example 3.3]). This turns our attention to the 6-dimensional 
case. 

In this paper, we are interested in studying small deformations of C°°-pure-and- 
full complex structures. The celebrated theorem of K. Kodaira and D. C. Spencer, 
[181 Theorem 15], states that Kahler metrics on compact complex manifolds are 
stable under small deformations; L. Alessandrini and G. Bassanelli proved in [5] 
that this stability fails to be true for the class of p-Kahler manifolds, where p £ 
{2, . ..,n— 1} (see [JJ for the precise definition), e.g. for the class of balanced 
metrics, namely the J-Hermitian metrics on compact complex manifolds whose 
fundamental form u> satisfies dw™ -1 = 0. 

Since the C°°-pure-and-full condition is weaker than the Kahler one (more precisely, 
as a consequence of |20j . see Theorem every compact complex manifold verifying 
the <9<9-Lemma is C°°-pure- and- full), it could be interesting to establish if the C°°- 
pure-and-full complex structures are stable under small deformations. As hinted 
by T.-J. Li and W. Zhang in a previous version of [5D], we study the stability of the 
standard complex structure on the Iwasawa manifold and try to deform a C°°-pure- 
and-full almost-complex structure starting with J-anti-invariant forms as explained 
in [U]. 

In [21j I. Nakamura computed the small deformations of the Iwasawa manifold 
X, dividing them in three classes. Then, a direct computation shows that the 
complex structure on X is C°°-pure-and-full. 
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We prove that (see Theorem ITTJ1 for the precise statement) the small deformations 
of classes (i) and (hi) are C°°-pure-and-full while those ones of class (ii) are not. 
Hence, as a corollary we get the following (see Section 3). 

Theorem llll Compact complex C°° -pure- and- full (or C°° -pure or C°° -full or pure- 
and-full or pure or full) manifolds are not stable under small deformations of the 
complex structure. 

As C°°-pure-and-full property is defined for an arbitrary almost-complex struc- 
ture (even not integrable), we study its stability along curves of almost-complex 
structures {Jt} tg (_ e e \, too. 

In [12j it is proved the semi-continuity property of hj for an almost-complex struc- 
ture on a compact 4-dimensional manifold. More precisely, if M is a compact 
4-manifold with an almost-complex structure J such that ICj ^ 0, then for any 
almost complex structure J' in a sufficiently small neighborhood of J the following 
holds 

• K c j, + 

• h+(M) < h+(M) 
. hj (M) > hj, (M) 

In [19j , curves of almost-complex structures parametrized by real forms of pure 
degree (2,0) + (0,2) are constructed. Using this construction, we prove that (see 
Theorem [TBI for the precise statement) there exists a family |A 6 (c)} c of compact 
cohomologically Kahler manifolds with no Kahler metrics such that 

(i) N e (c) admits a C°°-pure-and-full almost-complex structure J, 

(ii) each harmonic form of type (2, 0) + (0, 2) gives rise to a curve { Jt} tel ^_ e e \ 
of C°°-pure-and-full almost-complex structures on A 6 (c) , 

(hi) furthermore, the map 

is an upper-semicontinuous function at t — 0. 

In particular, we get the upper-semicontinuity property of hj for this 6-dimensional 
example. 



We recall that, for a suitable c£l, the completely solvable Lie group 

£ GL(4; M) | x,y,z e I 



Sol(3) d = 



/ e cz x \ 

e" cz y 

1 z 

1 / 

admits a cocompact discrete subgroup T(c); wc define 

M d = r(c)\Sol(3) 



and 

N 6 {c) d = M x M 

the manifold N 6 (c) first appeared in [5] as an example of a cohomologically Kahler 
manifold; M. Fernandez, V. Munoz and J. A. Santisteban proved in [15] that it has 
no Kahler structures. 
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In Section [2j we fix the notation, recall the main results on C°°-pure-and-full 
almost-complex structures from [20j . and [16j and we give an example of 6- 
dimensional (compact) non-Kahler solvmanifold endowed with a C°°-pure-and-full 
and pure-and-full almost complex structure. In Section [3l we prove the insta- 
bility Theorem [11] Finally, in Section [4] we recall how a cohomology class in 
H^' ^'^°' 2 \m)e. gives rise to a curve of almost-complex structures on (M, J); we 
provide several examples of curves of C°°-pure-and-full almost-complex structures 
on 4 and 6-dimensional compact manifolds. 

This work has been originally developed as partial fulfillment for the first author's 
Master Degreee in Matematica Pura e Applicata at Universita di Parma under the 
supervision of the second author. 

Acknowledgments. We would like to thank Tedi Draghici, Tian-Jun Li and Weiyi 
Zhang for their very useful comments and for pointing us the reference [12) . 

2. C°°-PURE-AND-FULL ALMOST-COMPLEX STRUCTURES 

Let (M, J) be an almost-complex compact 2n-manifold. The endomorphism J 
on TM <g> C, having eigenvalues i and — i, induces a decomposition of A*(M;C) 
through A P j' q M :=: A p ' q M, namely A fe A/ = ® p+?=fe A p j q M. We ask about when 

this decomposition holds in cohomology. Define H J P ' 9 ^ (M) as the projection in dc 
Rham cohomology of the space A p,q M ; define H < f' q ^'^ q ' p \M)-R as the projection in 
de Rham cohomology of the space (A p ' q M © A q ' p M) n A p+q M. (As a matter of 
notation, bigraduation without further specification refers to complex forms, single 
graduation to real ones.) In other words: 

#Cp.9)'(?.p)(M) k = {[a]eH p + q (M;R) \ a G (A p j q M ® A q j p M) n A p+q M } . 
If S is a set of pairs (p, q), wc define likewise 

H§(M) d ^ \[a]eH' dR (M-C) | «G A p,q M 1 
[ (p,g)es J 

and 

H S j(M) R d ^ f H S j{M) n H' dR (M;R) . 
T.-J. Li and W. Zhang give the following. 

Definition 1 ( 20, Definition 2.4, Definition 2.5, Lemma 2.6]). An almost-complex 
structure J on M is said to be: 

• C°°-pure if 

#(2.0),(0,2) (m)k n ff (M) (M ) K = {[Q]} . 

• C°°-full if 

fff 0) ' ( °' 2) (M) R + Hj hl \M) R = H 2 dR (M:R): 

• C°° -pure-and-full if it is both C°°-pure and C°°-full, i.e. if the following 
decomposition holds: 

H?'° U °' 2 \M) K © ^ 14) (M) R - H 2 dR (M;R) . 
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For a complex manifold M, by saying that M is, for example, C°°-pure-and-full, we 
mean that the integrable almost-complex structure naturally associated with it is 
C°°-pure-and-full. 

We also use the following notations: 

• by saying that J is complex-C 00 -pure we mean that the sum 

H { f'°\M) + H^ A \M) + Hf' 2) (M) 

is direct; 

• by saying that J is complex-C 00 -full we mean that the equality 

H 2 dR (M;C) = Hf fi) {M) + h[^\m) + Hf 2) {M) 

holds; 

• by saying that J is complex-C 00 -pure-and-full we mean that J induces the 
decomposition 

H 2 dR (M;C) = H [2fl) {M) © H { ^\m) © Hf 2) {M). 

Remark 2. While being complex-C°°-full is a stronger condition that being C°°- 
full, one has to assume J to be integrable to have that complex-C°°-pure condition 
implies the C°°-pure one. Note also that if J is C°°-pure then 

H { j A) (M) n (iff' 0) (M) + H { f' 2) (M)) = {[0]}. 

Moreover, we say that J is C°° -pure-and-full at the k-th stage if J induces a de- 
composition of H^ R (M; M,); for k — 2, we recover the previous definitions. 

Using the complex of currents instead of the complex of forms and the de Rham 
homology instead of the de Rham cohomology, one can define analogous concepts 
dually. Recall that the space of currents of dimension k (or degree 2n — k) is the 
topological dual of A k M: we denote it with V k M :=: P 2n_fe M; we refer to [7], 
[9j as general references for the study of currents. Dually, the exterior differential 
d on A* AT induces a differential on T>,M, that we denote again as d; we call de 
Rham homology 77.(M;K) the cohomology of the differential complex (£>,M, d); 
we remember that H dR (M;15l) ~ H^n-kiM; R). As J induces a bigraduation on 
A'(M;C), so V p%q M are defined. 

Therefore, let H.L ^ ^ 2 j (M)r (respectively, HZ^JM)®) be the subspace of 
H2(M;M) given by the homology classes represented by a current of bidimension 
(2,0) + (0,2) (respectively, (1,1)). We recall the following definition by T.-J. Li 
and W. Zhang (see [2D]). 

Definition 3 ([2D] Definition 2.15, Lemma 2.16]). An almost-complex structure J 
on M is said to be: 

• pure if 

ff(2,o),(o,2)WR n H ( i,u(M)K = {[0]} ; 

• full if 

#(lo),(o,2)(M)R + H( 1A) (M) R = H 2 (M;R); 

• pure-and-full if it is both pure and full, i.e. if the following decomposition 
holds: 

#(2,o),(o,2)Wk © #(!,!) (M) R = !Z 2 (Af;K) . 
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The relations between being C°°-pure-and-full and being pure-and-full are sum- 
marized in the following. 

Theorem 4 (see also [20j Proposition 2.30]). The following relations between C°°- 
pure- and- full and pure-and-full concepts hold: 

C°°-full at the k-th stage > pure at the k-th stage 



full at the (2n — k) -th stage > C°° -pure at the (2n — k) -th stage 

Proof. First, we prove that if J is C 00 -full at the k-th. stage then it is also pure at 
the fc-th stage; for the sake of simplicity, we assume k — 2. Let 

(•, ■■) : H 2 dR (M;R) H 2 (M;R) 

the non-degenerate duality paring. Let c S H'[ 2 o) (0 2)(-^0 R n ^{x with 
c ^ [0]. Obviously, (c, •} l H &.°),(,°,v ( M ) s = and (c, •) l H v,» ( M ) R = 0; since J is 
C°°-full, it follows that c = [0]. The same argument works to prove that a full J is 
also C°°-pure. 

To conclude the proof, we have to prove the two vertical arrows, namely that 
C°°-full at the fc-th stage =^ full at the (2n - fc) -th stage 

and that 

pure at the fc-th stage =>- C°°-pure at the (2n — k) -th stage . 

Recall that a form of degree fc can be viewed as a current of dimension 2n — k (and 
degree fc) , by means of the map 

T. : A k M -> V 2n _ k M , tp h-> T v (•) d = f tp A • . 

Holding Td . = d T. , this map induces the inclusion Hj' q ' (M)r <^-> H/_ p n _ q ^ (M)r; 
being H$ R (M;R) ~ H 2n -k{M;R), the statements follow. □ 

To prove that C°°-full => pure, see also [TH Theorem 3.7]. 

A link between H% R (M;R) and H^ R ~ 2 (M;R) could provide further relations 
between C°°-pure-and-full and pure-and-full notions. This is the matter of the 
following results, proved in [16j . 

Theorem 5 ([TU Theorem 3.7]). Let g be a Hermitian metric on (M, J). If the 

harmonic representatives of the classes in H% R (M;M) are of pure degree, then J is 
both C°° -pure-and-full and pure-and-full. 

On a symplectic 2n-manifold (M, to), a link between H 2 R (M; R) and H 2 R ~ 2 (AI; R) 
could be provided if the Hard Lefschetz Condition holds; recall that (M, oj) is said 
to satisfy the Hard Lefschetz Condition (jHLCp if, for every fc S {0, . . . , n}, the 
isomorphism 

(HLC) [c fc ] : H- R k (M;R) ^ H^+ k (M;R) . 

holds. 

Theorem 6 ([16, Theorem 4.1]). Let uj be a symplectic form on M satisfying 
(jHLCj) and let J an co-compatible almost-complex structure on M. If J is C°° -pure- 
and-full, then it is also pure-and-full. 
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We give now a class of examples of C°°-pure-and-full and pure-and-full manifolds. 
Clearly, compact Kahler manifolds are C°°-pure-and-full at every stage (and then 
also pure-and-full at every stage). Furthermore, the following theorem holds. 

Theorem 7 (see |20 | .|11 | ). Let M be a compact complex manifold; if the Hodge- 
Frolicher spectral sequence degenerates at the first step, then M is C°° -pure-and-full 
at every stage, so it is also pure-and-full at every stage. 

The proof of Theorem [7] can be obtained using the same argument true for a 
compact complex surface as in [11] . For the sake of completeness, we will give it in 
the general case. 

Since the Frolicher spectral sequence degenerates at E\, then 

pp (H p+q (M;C)) 



where 



and 



where 



Ht' q (M) - 
d ^ ' FP+ 1 (Hp+9{M;C)) 



F p (H k (M;C)) = \[a] \ ae A p ' ' ' q ' (A/) | da = 

p' -\-q' —k, p'~>p 



H k (M;C) = 'H pq 

p+q=k 



> H P,q = F p (H k (M;C))nFi(H k (M;C)) 

(see e.g. [4]). 

Then, the same proof of Lemma 2.15 in [11] gives 

> H v,<i = H P j' q {M). 

Therefore, 

H k (M;C)= 'H v '"= H P j q {M), 

p+q=k p+q=k 

i.e. J is complex-C°°-pure-and-full and, consequently, it is C°°-pure-and-full (re- 
mark [2J. 

As a consequence of the last theorem, we have that 

(1) the compact complex surfaces, 

(2) the compact complex manifolds satisfying the <99-Lemma (i.e., the compact 
complex manifolds for which every 9-closed, enclosed and d-exact form is 
also <9<9-exact) 

(3) and the compact complex manifolds admitting a Kahler structure 
are C°°-pure-and-full and pure-and-full manifolds. 

Indeed, for ([T]) we have that the Hodge-Frolicher spectral sequence degenerates at 
the first step by [U Theorem 2.6], while for © it degenerates at the first step by 
[51 §5.21]; finally, for §S§ we have that a compact complex manifold admitting a 
Kahler metric satisfies the (9<9-Lemma, see [U §5.11]. 

Actually, T. Draghici, T.-J. Li and W. Zhang proved the following. 

Theorem 8 ( |11| Theorem 2.3]). Every almost- complex structure on a compact 
A-manifold is C°° -pure-and-full as well as pure-and-full. 

This turns our attention to the 6-dimcnsional case. 
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Example 9. Let G be the Lie group of matrices of the following form 



/ 


e xi 





X2e Xl 








X3 


\ 







e -xi 





X2e~ Xl 

























x 5 















e -Xl 





X6 





















X\ 




V 

















1 


/ 



A = 



for xi, . . . ,xq £l. Then G is a 6-dimensional simply-connected completely solvable 
Lie group. According to |14j . there exists a uniform discrete subgroup r C G, so 
that M = T\G is a 6-dimensional compact solvmanifold. The following 1-forms on 
G 



dxi 



e 4 = exp(xi) (dxi — X2dxg) 



dxo 



exp(— x\) (dx3 — X2dx§) 



e 5 = cxp(~xi)dxs , e 6 = exjp(xi)dxe 



give rise to 1-forms on M. We immediately obtain that 

de 1 =0, de 2 = 0, d e 3 = — e 1 A e 3 — e 2 A e 5 , 

de 4 = e 1 Ae 4 -e 2 Ae 6 , de 6 = -e 1 Ae 5 , de 6 



(2) 



e 1 A e 5 



Since G is completely solvable, in view of the Hattori theorem (see [U]), we easily 
obtain by ((2|), that 



(3) H 2 {M- 
Therefore, setting 



= span R {e 1 A e 2 , e 5 A e 6 , e 3 A e 6 + e 4 A e 5 } ; 



V 1 


= e 1 - 


h ie 2 


^ 2 


= e 3 - 


hie 4 


V 3 


= e 5 - 


hie 6 



we have that the almost complex structure J whose complex forms of type (1,0) 
are ip 1 , ip 2 , tp 3 is C°°-full. Indeed, 



H 



(i,i) 



{-i^A^ 1 , -^ 3 A^ 3 } 



i? 



(2,0), (0,2) 



j (AOb = s P an R { S A ^ ~ ^ A ^) } • 

According to theorem El since the harmonic representatives are of pure type, J is 
both C°°-pure-and-full and pure-and-full. 



3. Instability along curves of complex structures 

In this section, we will show that the condition to be C°°-pure-and-full for a 
complex structure is not stable under small deformations. In order to do this, 
we will consider the Iwasawa manifold, showing that there are curves of complex 
structures that are not C°°-pure-and-full. 

We first recall the definition of the Iwasawa manifold and some of its properties, 
see e. g. [21], [13]. 

On C 3 , consider the product * defined as 

(Zl, Z2, 23) * (Wl, W2, W3) = f (Si +101, Z2+W2, Z3 + Z1W2+W3) . 
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It is immediate to check that (C 3 , *) is a nilpotent Lie group isomorphic to 

r / 1 zi z 3 \ 

H(3) d = < 1 z 2 eGL(3;C) | Zl ,z 2 ,z 3 e 
I V 1 J 

We have that (Z[i]) 3 C C 3 is a cocompact discrete subgroup of (C 3 , *). The 
Iwasawa manifold X is defined as the manifold 

X d ^ (Z[i]) 3 \(C 3 , *) . 

X is a compact complex 3-dimensional nilmanifold; by |13j , it follows that X is not 
formal; hence, it has no Kahler metrics, see [8] Main Theorem]; nevertheless, there 
exists a balanced metric on X . 

We will need the following results on the cohomology of solvmanifolds. The 
Hattori-Nomizu theorem states that if M = T\G is a compact nilmanifold (or, more 
in general, a compact completely solvable solvmanifold, i.e. a compact solvmanifold 
such that, for every £ in the Lie algebra g of G, all the eigenvalues of adj are real) 
then 

(4) H' R (M;R) ~ H'(A'q*, d) 

(see [22], [17]) , where the Chevalley-Eilenberg cohomology H'(A'g*, d) is the co- 
homology of the complex A'g* endowed with the differential inherited from A'M; 
equivalently, H'(A'q*, d) is the cohomology of the complex of the left-invariant 
forms. A similar result holds for the Dolbeault cohomology of nilmanifolds. More 
precisely, for a compact complex nilmanifold M that is holomorphically parallcliz- 
able (i.e., with trivial holomorphic tangent bundle) or whose integrable almost- 
complex structure J is rational (i.e., such that J [qq] C qq, where qq is a rational 
Lie subalgebra of g such that g = gq ® R) or whose J is obtained as a small 
deformation of a rational one, the following isomorphism holds: 

(5) H™(M) ~ H^A p ''(g c )\d 

(see [53], [5]). In particular, ^ and ([5]) hold for the Iwasawa manifold and for its 
small deformations. 

Let (z' 1 ) 2 3} be the standard complex coordinate system on C 3 ; the following 

(1, 0)-forms on C 3 are invariant for the action (on the left) of (Z [i]) 3 , so they give 
rise to a global coframe for T* 1 -°X: 



■r 1 



V 2 



def 
def 
def 



The structure equations are therefore 

dip 1 = 
dip 2 = 
dip 3, — -ip 1 A ip 2 

By Hattori-Nomizu theorem, we compute the real cohomology algebra of X (for 
simplicity, we list the harmonic representative instead of its class and write ip AB 
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for (p A A ip B and so on) 



span R {ip 1 + Lp 1 , i (cp 1 — Lp 1 ) , <p 2 + Lp 2 , i (p 2 - Lp 2 ) } , 
span R {tp 13 + Lp, 15 , i (V 3 - / 3 ) , V 23 + ¥> 23 , 

• ( 23 23\ 12 21 • / 12 i 2l\ • 11 ■ 22 1 

i\V> -<P ) , ¥> ~<P , i(P + ),i<P > i<P j 



1.2:; 



/f| fl (X; R) = span R [p> 123 + p 12 \ i (p> 123 - / 23 ) , ^ + p 113 , 

i (>31 _ ^ f ^132 + ^213 5 • ^135 _ ^ ^231 + ^ 
i (^231 _ ^123^ ) ^232 + ^223 _ j ^232 _ ^223^ j _ 

Note that each harmonic representative is of pure degree. The Betti numbers of X 
are 

6° = 1 , b 1 = 4 , 6 2 = 8 , b 3 = 10 . 

I. Nakamura in [21] computed the small deformations {^t} te A(o £ )cc 6 °^ ^ ne 
Iwasawa manifold X: by [3TJ page 95], a local system of complex coordinates for 
the complex structure at t = (tn, t\2, £21, £22, £31, £32) € C 6 is given by 

-2 



Ct 1 = « 1 + Ej=i*y^ 
C t 2 = « a + E;=i* 2j -^ 



ELi (%+%^)^ + ^(l) - I>(t). 



where 



A(z) d = - (tn tai z 1 2 1 + 2 tn t 22 z 1 z 2 + ti 2 1 22 z 2 z 2 



dcf 



£>(t) = txxtii-tvit 



21 



Nakamura also computed the numerical characters of these deformations, dividing 
them into three classes according to their Hodge diamond: 





h 1 ' 


h - 1 


h 2 ' 


h 1 ' 1 


h^ 2 


/i 3 >° 


h 2 ' 1 


/i 1 - 2 


h°> 3 


(i) 


3 


2 


3 


6 


2 


1 


6 


6 


1 


(ii) 


2 


2 


2 


5 


2 


1 


5 


5 


1 


(Hi) 


2 


2 


1 


5 


2 


1 


4 


4 


1 



More exactly, the classes are characterized by the following values of the parameters: 
class (i): tn = t% 2 = t 2 \ = t 2 2 = 0; 

class (ii): D (t) = but (in, t 12 , t 2 i, t 22 ) + (0, 0, 0, 0); 
class (iii): D (t) ^ 0. 
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Note that the Hodge diamond of the deformations of the class (i) is the same 
of the Iwasawa manifold, while deformations of the class (iii) have the Hodgc- 
Frolicher spectral sequence that degenerates at the first step. Note also that the 
table above proves that the Hodge numbers are not stable under small deformations, 
[2T1 Theorem 2], in contrast with the Kahler case. 

Equivalently, Xt could be viewed as C 3 / 1\ where I\ is the group generated by 
the transformations 

' C 1 » C 1 + (wi+E?=i*yw J ) 

< C 2 >-» C 2 + (wa + E'=l hj OJj) 

k C 3 » C 3 + (ws + E?=i % «i) + wi C 2 + (E?=i hj Qj) +A(Q)- D(t) Cj 3 

varying u :=: (wi,w 2 ,w 3 ) 6 (Z[i]) 3 . 

In the sequel, J will denote the integrable almost-complex structure associated 
to X and Jt will denote the one associated to Xt- 

Now, we can prove the following. 

Theorem 10. Let X := (Z[i]) 3 \(C 3 , *) be the Iwasawa manifold. Then: 

• X is C°° -pure- and- full at every stage as well as pure- and- full at every stage; 

• the small deformations of X of the classes (i) and (iii) are C°° -pure- and- full 
and pure-and-full at every stage; 

• the small deformations of X of the class (ii) are neither C°° -pure norC°°- 
full nor pure nor full. 

Proof. We divide the proof in various steps. 

Step 1: X is a C 00 -pure-and-full manifold at every stage. 

Since harmonic representatives in H' R (X; K) are of pure degree, the state- 
ment follows from Theorem [5] 

Step 2: Small deformations of the class (i) remain C°° -pure-and-full at every 
stage. 

A coframe of (1, 0)-forms invariant for the action of I\ on C 3 is given by 

dCt 1 
dCt 2 

dtf-Ct^Ct 2 

Hence, {(pi, <p%, y 3 } satisfies the same structure equations as {ip 1 , ip 2 , <p 3 }. 
Therefore, the same argument in Step 1 applies to deformations of such a 
class. 

Step 3: Computation of the structure equations for small deformations of the 
class (ii). 

Consider the system of complex coordinates given by 
+ELi*ia« a 

z 2 +eLi^ a 

z3 + Ea=i(*sa + t 2 \z 1 )z x + A (z) 





dof 








del' 








dcf 
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A straightforward computation gives 

z 1 = 7 (Ct 1 + AiCt 1 + A 2 C t 2 + A 3 Ct 2 ) 
z 2 = a (^oCt + MiCt + Mt + MsCt ) 

where a, (3, 7, Aj (for i G {1, 2, 3}), ^ (for j e {0, 1, 2, 3}) are complex con- 
stants depending only on t = (in, ii 2 , £21, £22, £31, £32) € C 6 and defined 
as follows: 



< 



a 


def 


1 




1 — ^22 2 — £2l£~12 


P 


def 


i 2 l£ll + *22*21 


7 


def 


1 




1- |in| 2 -a/3 (tiiti2+tl 2 t22) 


Ai 


def 


-tn (l + af 12 i 2 i + a |*22| 2 ) 


A 2 


def 


a (*n*i2 + £12*22) 


A 3 


def 


-£12 + a£"i2*2i + a |*22| 2 ) 


Mo 


def 


07 


Mi 


def 


Ai/?7 - £ 2 i 


M2 


def 


1 + A 2 /3 7 


M3 


def 


A 3 /?7 - £22 



Consider the (1, 0)-forms invariant for the action of T t on C 3 given by 





def 


dCt 1 




def 


dCt 2 




def 


dC t 3 -^dC t 2 - (£2i^ 1 + £22^ 2 )dC t 1 



we could now easily compute the structure equations: 

' d^ 1 = 
& V l = 

d(pl = a 12 iplAip 2 + 

+an tfl A <fl + (T12 fl A $1 + cr 2l tpt A (p\ + cr 2 2 <Pt A (p\ 
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where 012, an, a X2 , cr 2 j, a 2 2 are given by 

dcf 



012 
an 
a%2 



-7 + t 2 iA 3 7 + £220^3 



dcf 



= *21 7 1 + tl\tviOL + *22 Of 



dcf 



dcf 



£22 7 1 1 + £21*120: + |* 22 | o 
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= -£11 7 1 + £21*120 + |£ 2 2| a 



dcf 



= -£l2 7(^l+£2l£l20+ |t22| O 

Note that, for small deformations of the class (ii), one has a 12 7^ and 
(Oil, 012! °"2l! 022) 7^ (0, 0, 0, 0). 
This ends Step 3. 

Step 4: TTie small deformations of the class (ii) are neither C°° -pure nor full. 
Note that 



[012 (p\ 2 ] 



11 12 21 22 

011 +012^t +V21<Pt + a 22<Pt 



^ [0] 



in Hj R {X;C). Therefore, 



(Xt ) n (X t ) + H^> (X t )) + {[0]} , 

and in particular Xt is not complex-C°°-pure. It follows from the fact 
observed at page [5] that Xt cannot be C°°-pure; from Theorem [4] it follows 
that Xt cannot be even full. 
Step 5: The small deformations of the class (ii) are neither pure nor C°° -full. 
For a fixed small t, choose two positive constants A and B such that 

(Aa li -Ba ll ,Aa 2 2-Ba 2l ) + (0,0); 

computing — d [A (pi 33 + B (pi 33 ) , note that 

(Aa 2 i -Ban) ^ + (^22 - Ba l2 ) ^\ 223 - Aa l2 ^ 12 -Ba 12 ^f 12 



r(2,0) 



(0,2) 



{Aa l2 -Ban)vr X + {Aa 22 -Ba 2l ) V l M2 \ ± [0], 

in H^ R (X;C). As before, it follows that Xt is not C°°-pure at the 4th 
stage, and consequently it is not even pure nor C°°-full, by Theorem |H 
Step 6: Small deformations of the class (Hi) remain C°° -pure- and- full at ev- 
ery stage. 

As already observed, for deformations of the class (iii) the Hodge-Frolicher 
spectral sequence degenerates at the first step, so that the statement follows 
from Theorem [7] □ 

As a corollary of the last theorem, we obtain the following theorem of instability. 

Theorem 11. Compact complex C°° -pure- and- full (or 0°° -pure or C°° -full or pure- 
and-full or pure or full) manifolds are not stable under small deformations of the 
complex structure. 
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Remark 12. By the proof of Theorem IT0| it follows that, the numbers 



hX(X) d = f dim R H^\x) R , h- Jt (X) ^ dim R <' 0) - (0 ' 2) 



(X) 



where Jt is a small deformation of class (iii), are not invariant. Indeed, 



h+(X) = hj(X)=4, 



and 



h+(X) = 5, hj t (X) = 3, 



for 

This is in contrast with the complex deformations of a complex structure J on a 
4-dimensional compact manifold M, for which h + } {M) and hj(M) are topological 
invariants (see [12]). 

4. Stability along curves of almost-complex structures 

The C°°-pure-and-full property makes sense for an arbitrary almost-complex 
structure, even not integrable. In this section, we will study the stability of this 
property along curves of almost-complex structures. 

Let J be an almost-complex structure on M 2n . Recall the following local result, 
see [3]: a curve {Jt} t£ jcm °f almost-complex structures through J could be written, 
for t G (—£,£) with e > sufficiently small, as 



we could write L t =: t L + o(t); recall also that: if J is compatible with a symplectic 
form w, then the curves made up of w-compatible almost-complex structures Jt are 
exactly those ones for which L l = L. For several examples of families constructed 
in such a way, see [16] . 

We begin with studying curves through the standard Kahler structure on the 
complex 2-torus, (T^, Jo,wo) ■ Let 



(6) J t = (id -L t ) J (id -Lt)' 1 , 



where L t is an endomorphism of the tangent bundle such that 

L t J + J L t = ; 




( " \ 



\ o J 

where I G C°°(]R 4 ; R) is a Z 4 -periodic function. Defining (for small t) 

(7) J M d = (id -tL) J (id -tL)- 1 , 



we get the WQ-compatible almost-complex structure 



/ i + tt \ 

I l-ti \ 



Jt,£ — T+TT 




Set 



a :=: a(t,£) 



def 1 + tl 
l-ti' 
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A coframe for the holomorphic cotangent bundle is given by 

!ip] :— dx 1 + i a dx 3 
ip 2 := da: 2 + i da; 4 

from which we compute 

{dtp] = i d a A d x 3 
M = 

note that taking I — £[x l ,x 3 ), the corresponding almost-complex structure Jt,e 
is integrable, in fact (Jt,e, ^>o) is a Kahler structure on T 2 ,. Remember that J t .i 
has to be C°°-pure-and-full, T 2 being a 4-dimensional manifold. For the sake of 
simplicity, we assume i = i (a; 2 ) not constant. Setting 



del 



da; 1 A da: 2 - a da; 3 A da; 4 , 



v 2 = f da; 1 A da; 4 - a dx 2 A da; 3 



def , i , q 

w\ = a da; A ax , 

u>2 = d x A d x , 

w 3 d = dx 1 A da; 2 + a dx 3 A da; 4 

W4 = f da; 1 Ada; 4 + a dx 2 Ada; 3 



the condition in order that an arbitrary J tj £-anti-invariant real 2-form ip — A v\ 
B v 2 is closed is expressed by 



(8) 



( A 3 ~B ia = 
A 4 -B 2 = 
-A ia -B 3 = 
— -B4 a — A 2 a — A a 2 = 



(here and later on, we write, for example, ^3 instead of §§k)- By solving ([5]), we 
obtain 

ip = Bv 2 with B e R . 

Therefore, for small enough t ^ 0, according to [12] , we have the upper-semicontinuity 
property 

dim R <;^^ 2 )(T 2 ) R < 1 < 2 = dim R tff°>^ 2 >(T 2 ) R , 

from which we get the lower one 

dim R tf£f (T2) K > 5 > 4 = dim Rj ffy' 1} (T 2 ) R . 

Now, we turn our attention to the case of dimension greater than 4. We construct 
curves through the standard Kahler structure on the complex 3-torus, (T 3 -., J , cj ) ■ 
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Let 



I 


\ 














-I 












L 



\ 

where £ £ C°°(K 6 ; K) is a Z 6 -periodic function. As before, defining J tj £ (for small 
i) as in (|7|), we get the WQ-compatible almost-complex structure 



Jt,e — 









l + tl 
l-ti 


-1 


-1 


l + tl 
l-ti 


1 


1 






J 



As before, setting 



a(t,£) 



del 



1 



te 



i - ti ' 

it follows that a coframe for the holomorphic cotangent bundle is given by 



ft 
f\ 
f\ 



da; 1 



= d: 



da; 3 



i a dr 
i da; 5 
i dx e 



therefore 



d ipl — i d a A d x 4 
d^ 2 = ; 
I dtf = 

note that I = i (a; 1 , a; 4 ) gives rise to integrable almost-complex structures, in fact 
to Kahler structures; therefore, in such a case Jt } £ is C°°-pure-and-full. Again, we 
assume 1 = 1 (a; 3 ) not constant. The J t . ^-anti-invariant real closed 2-forms are 

ip = D (di 16 - a di 34 ) + E (da; 23 - da; 56 ) + F (da; 26 - da; 35 ) 

where D, E, F 6 M. 

So, for small t ^ 0, we have the upper-semicontinuity property 



dim R ^ 2 ;^^ 2 )(T 3 ) R < 3 < 6 = dim R i^^ (T a )R . 

Unfortunately, the explicit computation of Hj'' V> (lc) R seems to be not so simple. 
In particular, it is not clear if J^t remains C°°-full (note that J^i is C°°-pure by 
[Tlj Proposition 2.7], see also [El Proposition 3.2]). 

Now, we recall how to construct curves of almost-complex structure via a J-anti- 
invariant real 2-form, as in [19] . 

Let (M, J) be an almost-complex manifold; take g a J-Hermitian metric and 7 a 
real 2-form in A 2,0 Af © A 0,2 Af . Define V to be the endomorphism of the tangent 
bundle such that 



(9) 



7(v) =: 9(V;-) ; 
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a direct computation shows that V J + JV — 0. Therefore, setting 



L 



del 



1 



V J 



we have L J + J L = 0. At this point, for small t, define Jt i7 as in 0: 



*,7 



= f (id — tL) j (id -t^r 1 



therefore, {Jt ; -y} t w_ e e ) is a curve of almost-complex structures naturally associated 
with 7. 

We give an example of a C°°-pure-and-full structure on a non-Kahlcr manifold such 
that the stability property holds along a curve constructed in such a way. Let 

/ e cz x \ 

e~ cz y 

1 z 

\ 1 / 

Then Sol(3) is a completely solvable Lie group. For a suitable c£l, there exists a 
cocompact discrete subgroup T(c) such that 

M d = r(c)\Sol(3) 
is a compact 3-dimensional solvmanifold. Define 



Sol(3) ^ 



e GL(4; R) I x, y, z e 



iV 6 (c) 



def 



M x M 



The manifold N 6 (c) has been studied in [5] as an example of a cohomologically 
Kahler manifold; M. Fernandez, V. Munoz and J. A. Santisteban proved in [15] 
that it has no Kahler structures, although it is formal and it has a symplectic 
structure satisfying (|HLC[) . In [16] a family of C°°-pure-and-full structures on N 6 (c) 
is provided. Now, we will construct a curve of C°°-pure-and-full almost-complex 
structures on iV 6 (c). 

Let {e 1 }^^ 6 y be a coframe for N 6 (c); the structure equations are 



de 1 
de 2 
de 3 
de 4 
de 5 
de 6 



ce A e 



-ce 2 A e 3 



= 



ce 4 A e 6 
-ce 5 A e 6 




Let J be the almost-complex structure given by 



J = 



V 



-1 
1 








-1 

1 








-1 

1 



By Hattori-Nomizu theorem one computes immediately 

H 2 dR (A^ 6 (c);R) = span R {e 1 A e 2 , e 3 A e 6 - e 4 A e 5 , e 3 A e 6 + e 4 A e 5 } ; 
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hence N 6 (c) is a C°°-pure-and-full and pure-and-full manifold, the harmonic repre- 
sentatives being of pure degree. Note that 

H?<° U0 ' 2) (iV 6 (c)) R = span R { e 3 Ae 6 + e 4 A e 5 } . 

Put 7 := e 3 A e 6 + e 4 A e 5 ; then the linear map V representing 7 as in Q is 





( 




\ 











V = 






-1 

-1 






1 






V 


1 


/ 



and then it is immediate to compute 





( 








2L = 






-1 

1 




V 


1 


-1 


/ 



and 





/ 

1 


-1 




\ 










4-t 2 




it 








4-t 2 
4+F 


i+t? 


it 
4+t 2 " 


i+P 










it 




4-t 2 




V 




it 


4+t 2 " 


4-t 2 
4+t 7 


4+t 2 " 

J 



Set 

M dof 4 ~ t2 a dcf 4 ^ 

a ■=■ a (t) = ^2 . P ■=■ /?(*) = ■ 

A coframe for the J t -holomorphic cotangent bundle is given by 

ipj = e 1 + i e 2 

= e 3 + i(ae 4 + /3e 6 ) 
$ = e 5 + i(-/3e 4 + ae 6 ) 

The closed 2-forms 

generates three different cohomology classes; hence, for small t 7^ 0, we get 
Hj R (NHc);R) = H^ 1) (N%c)) R ; 
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this implies that J is C°°-full as well as pure. A straightforward computation yields 
Hj R (N*{c);R) = spau R j * s (1 tf 1 ) , * 9 („f - 2 de 5 ) + SL d ( e 12 *) , 

f (ri 2V3 + ^P 13 ) + | ^ + ^ d (e 125 ) | = 

Therefore N 6 (c) is also C°°-full at the 4th stage and, consequently, it is full as well 
as C°°-pure. 

Summarizing, we have proved the following. 

Theorem 13. There exists a compact manifold N 6 (c) such that: 

(i) iV 6 (c) admits a C°° -pure- and- full almost- complex structure J; 

(ii) each harmonic form of type (2, 0) + (0, 2) gives rise to a curve { J t } te ^_ £ ^ 
of C°° -pure- and- full almost-complex structures on N 6 (c); 

(iii) furthermore, the map 

*~dim RJ ffJ ^ (7V 6 (c)) R 
is an upper- semicontinuous function at t = 0. 
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